This paper presents the dynamics of a practical equivalent of a smooth memristor oscillator derived from Chua's circuit. This approach replaces the conventional Chua's diode by a flux controlled memristor with negative conductance. The central idea is to design a practical memristor based circuit using electronic analogy in order to bypass problems related to the realization of memristor equivalents. The amplitude and the frequency of the oscillations are previously defined in the circuit design. The result is a robust and flexible circuit without inductors, which is able to reproduce a rich variety of dynamical behaviors. The proposed analogue circuit is successfully designed and implemented, producing experimental time series, phase portraits, and power spectra, which are corroborated by numerical simulations. The "0-1 test" is also performed in order to verify the regular and chaotic dynamics on the proposed analogue circuit.
I. INTRODUCTION
Leon O. Chua postulated the memristor in the year of 1971 based on the symmetry arguments. It is believed to be the fourth fundamental passive circuit element followed by the resistor, capacitor and inductor [1] . Memristor gets wide attention by the research community after its physical realization by Stanley William's group from HP labs in 2008 [2] . The memristor is a passive two-terminal electronic device described by a nonlinear constitutive relation which is either one of the following two forms of the voltage-current relationship, (i) v = M (q)i and (ii) i = W (φ)v. Here, the nonlinear functions M (q) and W (φ) are regarded as memristance and memductance respectively, whose functional forms are defined by M (q) = dφ(q)/dq and W (φ) = dq(φ)/dφ represent the slope of the scalar functions φ = φ(q) and q = q(φ), respectively which are called memristor constitutive relation [3] .
The memristor has potential applications in physics, mathematics, engineering, biology, and other various fields. Recent researches that involve synthesis of memristive devices [2, 4] , mathematical modeling and analysis [5] [6] [7] [8] , application of memristor theory to the nano-battery [9] , memory effects on light emitting diodes [10] , memristive behavior of electrical properties of the human skin [11] , and synaptic connections among brain cell of the human [12] explicitly demonstrate the potentiality of the memristor. In a nutshell, it can be understood from the 18K+ citations registered for memristor in google scholar as on 01.07.2014 [13] .
The analysis of nonlinear systems using experimental circuits is always an active area of research that provides a better understanding on the theoretical concepts. The FitzHughNagumo circuit for neuron model [14, 15] , the Lorenz oscillator based on a climate model [16] and the popular Chua's circuit [17] are few examples of this kind. In this context, several studies are made on the development of memristor based circuits, since memristors are commercially not available yet. For example, the analog integrator based smooth memristor was implemented to study the behaviour of Chua's circuit with memristor as nonlinear element [18] . The time varying resistor based memristor circuit is implemented on electronic circuit simulator to study the occurrence of chaotic beats in a driven Chua's circuit [19] and the nonsmooth bifurcations, transient hyperchaos and hyperchaotic beats in a Murali-Lakshmanan-Chua circuit [20] . Apart from that, analogue circuits to explore the voltage-current characteristic of the memristor are also reported in the literature [21, 22] .
In all these studies, the memristor is separately conceived as a sub-circuit to follow the specific choice of memristive function. All these sub-circuits are complex and prone to the dynamical deviations from the mathematical modeling due to the tolerance effects of the circuit components and the inherent noise effects. Further, all these reports having physical inductors which are unwise to implement the circuits on PCB/VLSI designs.
In this paper, the smooth memristor based Chua's circuit equation is implemented in an experimental hardware in order to capture its dynamical behaviors on real time. The circuit is designed using the concept of electronic analogy [23, 24] . The advantage of this realization is that the amplitude of the each state variable can be scaled up/down according to the application requirements, reducing the noise influence on the circuit dynamics. This method of circuit implementation is straight forward and easy to implement with printed circuit boards (PCBs) since it do not have physical or synthetic inductors. The functional form of the memristor associated with this circuit is assumed to be smooth, continuous and monotonically increasing nature. The proposed analogue circuit realization is versatile, stable, and it satisfactorily reproduces almost all simulated dynamics by numerical integration.
The experimental time series, phase portraits and power spectra are traced in real time on digital storage oscilloscope, which are confirmed using numerical simulation. We also have performed the newly developed "0-1" test to the experimental times series to distinguish the regular and chaotic motion of the circuit dynamics. The parameter K results '0' for regular and '1' for chaotic dynamics.
The rest of the paper is organized as follows: the original memristor based Chua's circuit, its state equations and the associated dynamics are discussed in Section 2. In Section 3, first the procedure of amplitude scaling is explained and then, the method of constructing Chua's circuit using electronic analogy is described. The results of PSpice simulation, experimental observation and the numerical integration studies are discussed in Section 4. In Section 5, the "0-1 test" is performed using experimental time series data to verify the periodic and chaotic dynamics of the circuit. Conclusions are given in section 6.
II. THE CHUA'S CIRCUIT WITH MEMRISTOR
The Figure 1 shows the memristor based Chua's circuit. Here, N R is active nonlinear element which comprises the parallel combination of negative conductance (−G) and two terminal passive flux controlled memristor. The memristor is characterized by smooth continuous cubic monotonic-increasing nonlinearity given by [3, 18] :
where a and b are constants which are assumed to be greater than zero. From this expression, the memductance W (φ) can be deduced as
The circuit equation for memristor based Chua's circuit can be written using Kirchoff's laws as follows [3] ,
where, v 1 , v 2 , i and φ are voltage across the capacitors C 1 , C 2 , current flowing through the inductor L and the flux through the memristor respectively. Substituting the functional form W (φ) in to Eq. 3(a) yields,
By applying transformation to the variables as
, then the circuit equations becomes,
The dynamics of Eq. (4) is obtained through numerical simulation. Throughout our analysis, Runge-kutta fourth order algorithm is used to solve the equations numerically. For the following specific choice of system parameters in the Eq. (4), α = 9.8, β = 100/7, ζ = 9/7, a = 1/7, b = 2/7 and initial conditions {x 1 , x 2 , x 3 , x 4 }={0, 0, 0.1, 0}, the chaotic motion is obtained. Figure 2 shows the phase portraits of the system in different projections of x 1 , x 2 , x 3 and x 4 planes.
III. ELECTRONIC ANALOGUE OF MEMRISTOR BASED CHUA'S CIRCUIT

A. Scaling up the circuit variables
The maximum amplitude of oscillation of variables x 1 , x 2 , x 3 and x 4 of Eq. (4) (4) is not possible due to the current i L or x 3 is 2.3 A, which is well above the current rating of the usual electronic circuit design. Also, the variable x 4 is in the units of flux which is not a physically measurable quantity. So the analagoue circuit simulation is the suitable method for this circuit implementation. In the analogue circuitry, all variables are converted into voltages. Since the maximum amplitudes of the state variables x 2 and x 4 are less than 1, the signals of these variables are more prone to affected by the inherent noise while implementing the circuit. To avoid these limitations, we uniformly upscale the maximum value of all the variables to ±5 V. This range is adequate to avoid noise and saturation effects over the op-amps considering a power supply of ±9 V. Further, it is convenient to visualize the time waveform in the oscilloscope traces as well as to capture the data through data acquisition cards. Applying the amplitude scaling to the Eq. 4, the new variables are defined as x 1 = 3.3x 1 , x 2 = 10x 2 , x 3 = 2x 3 and x 4 = 5x 4 . Rewriting the Eq.
(4) to the new variables and dropping the bar over the variables for convenience, yields the following upscaled system,
Considering a probability of any intermediate signal to surpass the saturation voltage limits, the entire system equation is then divided by the largest parameter. In the present case, since the greatest parameter is β = 100/7 = 14.28, we divide the entire system by the factor 15 on both sides of the Eq. (5). Although this procedure affects the operational frequency of the circuit, it has not influence on the system dynamics. Hence, the rescalled final set of equations are given by,
In this rescaling, the parameter values used for numerical simulation of Eq. (4) is applied for all the parameters except β, which is used to be the control parameter for the rest of the study.
B. Implementation of analogue Memristor based Chua's circuit
In the analogue computation, a first order differential equation can be solved primarily using an weighted integrator. The dynamics of the memristor based Chua's circuit is described by a set of four first order coupled nonlinear differential equations as given in Eq. (6). Hence, the analogue implementation of memristor based Chua's circuit will have four weighted integrators. Unit gain inverting amplifiers are used to change the sign of the variables. To incorporate the nonlinear functional part present in the Eq. 6, the analogue multipliers are used. Figure 3 shows these three fundamental cells namely (a) the weighted inverting integrator, (b) scale changer (unit gain inverting amplifier) and (c) the multiplier chip, used to realize the analogue memristor based Chua's circuit. The transfer function of the weighted integrator is given by
where v in and v 0 are the input and output voltages of the integrator respectively. The R * refers to the normalized value of the input resistance in relation to the base resistance R.
The frequency of the analogue circuit is determined by the value of the base resistance R and the capacitance C. The sign of the any state variable can be electronically changed using unit gain inverting amplifier. The transfer function of the inverting amplifier is,
where R in and R f are the input and feedback resistors of the amplifier unit. The analog multiplier is useful component to multiply two analog signals. We use this component to get the nonlinear part present in the Eq. 6. The product output W 0 of a typical multiplier can be written as,
Here, X 1 and X 2 are X-multiplicand of non-inverting and inverting inputs, Y 1 and Y 2 are Y -multiplicand of non-inverting and inverting inputs and Z is the summing input. The dividing factor 10 is used to avoid the overflow of product output.
The analogue circuit to emulate the Eq. (6) is implemented using the above described three electronic entities as shown in Fig. 4 . In the circuit diagram U 1, U 2, U 3 and U 4
are the weighted integrators, U 5 and U 6 are inverting amplifiers and U 7 and U 8 represents and R17 = R18 = 6.8 kΩ. These components may have the tolerance of 1% from the standard value. To get the accurate reproduction of numerical results on experiment, the resistors R9, R13, and R16 are split into parts whereby the sum of the resistors will yield the closest possible value towards the numerical parameters. The variable resistor "R15" will serve as the control parameter which is corresponding to β used as control parameter in numerical analysis. The polyester type capacitors, TL081 op-amps and AD633JN multiplier chips biased with ± 9 V dual power supply are used for this implementation. In Figs. (4) and (7), the markers X, Y , Z and W are the output terminals of the four variables x 1 , x 2 , in the range of 60 kΩ to 50 kΩ are given in Fig. 10 , where is observed a clear evidence that this circuit presents the familiar period-doubling bifurcation route to chaos.
B. Numerical results
In order to understand the complete dynamics of the circuit, Eq. (6) Recently, a new test method has been proposed to characterize the regular and chaotic nature of the given data of deterministic system regardless of its dimensions [25, 26] . In this method the input is simply the time series of the system and the output will be either '0' for regular or '1' for chaotic motion of the system, hence it is named as "0-1 test".
It is applied to analyze electronic circuits [27] , plasma [28] , stock market [29] and road transport [30] . Consider a set of discrete one dimensional data Φ(n) sampled at the interval n = 1, 2, 3, ...Φ(n). Define the translation components p(n) and s(n) as
where
Here, the value of c is constant and to be chosen arbitrarily. The dynamics of translation components (p, s) is regular in the (p − s) plane for regular and Brownian like motion for chaotic nature of the given data set. The plot of (p − s) plane itself gives an visual confirmation to the type of the motion for a chosen data set possess. Further, mean square displacement M (n) is defined on the basis of p(n) (s(n) also would yield the same results)
as
For the regular motion of p(n), the M (n) is bounded whereas for the Brownian like motion of p(n), the M (n) linearly grows in time. From this the asymptotic growth rate K is defined by
Now the K = 0 means the regular and K = 1 means chaotic dynamics of the analyzed data.
It is proven that this method is suitable for the time series data with low noise [31] . Since the experimental time series are always has small amount of noise which is due to the inherent noise fluctuation present in the circuit itself. We perform the "0-1 test" for the experimental data collected during the periodic and chaotic dynamics of the proposed circuit (Fig. 7) . The set of 'n'data points of the time series 'x 4 ' after the initial transients vanished, is collected to the computer from the circuit using "Agilent-U2531A" data acquisition module with the sampling rate of 500 kSa/s. The value of the constant 'c' is randomly varied between (0−π).
The calculated translation components (p, s), the mean square displacement M (n) and the asymptotic growth rate K for regular (period-1 limit cycle at R15 = 59.3 kΩ) and chaotic time series (double band chaotic attractor at R15 = 54.6 kΩ) are plotted in Fig. 15 . These plots clearly differentiates the regular and chaotic motion of the circuit.
VI. CONCLUSIONS
In this paper, the Chua's circuit with smooth, cubic functional memristor is experimentally designed and implemented. The difficulties on physical realization of memristor sub-circuit are bypassed using a circuit design based in electronic analogy. To avoid the inherent noise influence on variables oscillating on low amplitudes, the amplitude scaling is applied to original circuit equations such that the maximum amplitude of the oscillations is ±5V. This method of implementation is straight forward and it allows to reproduce all possible dynamics captured in computational simulations. The designed circuit is flexible and robust, presenting well comparable size in relation to other designs proposed in the literature. The experimental implementation provides time waveforms, phase portraits, and power spectra that present a good agreement with numerical simulation. Further, the numerical simulation also confirms the period doubling bifurcation scenario identified in the experiment. The regular and chaotic motion of the experimental data are clearly distinguished using "0-1 test". In this context, the proposed analogue circuit can be used as a prototype model for memristor based circuit, consisting in a good option for the investigation of strange non-chaos, chaotic beats, nonlinear resonances and other associated behaviors. (ii) mean square displacement M (n) and (iii) asymptotic growth rate K.
